Abstract. Most known even amicable pairs have sums divisible by nine [9] . The general form of the exceptions to the rule of divisibility by nine (Gardner's rule) is deduced and the results expressed in the form of a theorem. A computer search based on a corollary to the theorem is described and six new exceptions to Gardner's rule are found.
<r(M) = M + N = oiN),
where <x denotes the divisor sum function [1] . More than 550 amicable pairs are known in which both members of the pair are even. Surprisingly the sums of most if not quite all of these pairs are divisible by nine. The exceptions are so few that it is easy to be misled into believing that all even amicable pairs possess this property, a belief which is confirmed when one considers some simple special cases. For instance, consider the pairs M = 2"pq, N = 2nr where p, q, r sire primes given by the formula of Thabit-ben-Korrah [1] .
(2) p = 3-2"_1-l, 2 = 3-2"-1, r = 9-22"-1-1.
Here M + N = 2"(pq 4-r) = 9-2"-(22" -2""1).
It is instructive to next consider a somewhat more general case including the above since it requires a lemma which we shall need later anyway. Let M, N he given by
where E is an even common factor of M and N and where the distinct primes, p, q, r do not divide E. From (1) and (3) we get (4) r = pq 4-p 4-q , and since p and q are distinct we take q > p. By virtue of the following lemma, p > 3 and we need consider only primes of forms 6n ± 1.
Lemma I. Neither member of an even amicable pair is divisible by three. Proof. Both M and N may not be = 0 mod 3 since they would then both be abundant, contradicting the fact that the greater member of an amicable pair is deficient. Thus, we may write
Since N fé 0 mod 3, (1) and (5) give (6) o-iM) = M + N = o-iN) = 1, 2 mod 3.
Because of (6) r and s must both be even so that M = 22 ■ 3 • k and N = 22 ■ I where k _ 1 and I > 3fc since M must be abundant, making M < N. For k= 1, M/oiM) R eceived October 9, 1968. 3/7 and for I > 3k, N/aiN) < 4/7 contradicting (1) which implies M/o(M) + N/o(N) = 1. Thus our lemma is proven and we continue with our consideration of (3).
Both p and q in (3) may not be of the form 6n 4-1 since by (4) r would not be a prime. From (1), (3), and (4) we have (7) o(E)/E = i2pq + p + q)/(pq + p + q + 1) .
If one of p, q is of form 6n 4-1 and the other of form 6n -1, E =■ 0 mod 3 since 3 cannot cancel out of the denominator when (7) is reduced to lowest terms but this contradicts Lemma I so p and q sire therefore both of form 6n -1. Table I where E is even and relatively prime to the p¿ and q,. The p, are distinct primes and the ç, are distinct primes but the p, are not necessarily all different from the qi. Pairs (9) may belong to type (a) and (cf. Case III) we have the following Corollary to Theorem I. Corollary I. All even amicable pairs (9) have sums divisible by 9 unless E and o(E) are = 1 mod 3, j and k are both odd and the pi and qi are all of form 6n 4-1.
Thus even amicable pairs whose sums are not divisible by 9 are rather exceptional and perhaps not easily found. Since the exhaustive searches begun by Ore et al. [6] are being continued by Bratley and McKay [8] , [9] we confine ourselves here to what appear to be the simplest possibilities, namely the cases j = 3, k = 1, and j = k = 3 of (9).
Letting p, q, r ■ ■ ■ stand for the p" c¿ of (9) we have in the first case (10) M = Epqr , N = Es .
Using method II of [7] we have determined that there are no solutions of (10) with the desired properties for E < 105. From (1) and (10) (11) o(E)/E = (pqr + ,)/(, + 1) and
